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INTRODUCTION

Let E be a real Banach space, and T a nonexpansive mapping of E into
itself. For x e E, an asymptotic center of the orbit {T'x}, (with respect
to E) is an element z of E such that lim, | T'x — z|| <Tim, || T'x — y| for all
yeE.

Brézis and Browder [4] studied an iteration to obtain the asmptotic
center of an orbit of T as a nonlinear ergodic theorem. That is, the
asymptotic center is approximated in the weak topology of E by the unique
minimum points of appropriate convex functions f,, n=1, 2, .... However,
it is an implicit iteration. On the other hand, many authors studied explicit
iterations to obtain fixed points of nonexpansive mappings; for example,
double iterations, mean ergodic theorems, mean value iterations, and so
on; see [1, 5, 6, 11, 13, 14] and the references mentioned there. However,
it seems that explicit iterations to obtain asymptotic centers have never
been carried out in Banach spaces (cf. [12]).

In this paper we study an explicit iteration scheme converging weakly to
the asymptotic center of an orbit of a nonexpansive mapping T (with fixed
points) in a uniformly convex and uniformly smooth Banach space with a
weakly continuous duality mapping. In particular, we obtain an iteration
scheme which is calculated from finite number of iterates {x, Tx, .., T"x}
at each time.
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Our main result is Theorem 2. That is, we find a sequence {y,} converg-
ing to the asymptotic center of a given orbit {T'x} of 7, where y,
approximates the minimum point of f,,. This result extends the main result
of [4] partially. Such a y, is constructed explicitly from {x, Tx, .., T"x} by
using Theorem 1 and Remark 1 in this paper. This iteration is a kind of
gradient method, which is adequate for the condition of Theorem 2; confer
[7] for the gradient method for C' functionals. Our proofs are simple on
account of using Banach limits.

1. PRELIMINARIES

Let B(N) be the Banach space of all bounded real valued functions
defined on N= {0, 1, 2, ...} with the supremum norm. An element yx of the
dual space B(N)* of B(N) is said to be a mean on N if u(l)=1=|u]|.
Furthermore a mean py is said to be an invariant mean (or Banach limit)
if wp satisfies that u(r,f)=u(f) for all neN and feB(N), where
r,f(m)=f(m+n) for m,neN.

Next, let A be'a (multivalued) mapping from a real Banach space E into
E* A is said to be monotone if A satisfies that (y, —y,, x; —x,> =0 for
all x;e D(A) and y;e Ax; (i=1, 2), where D(A) denotes the domain of 4.
A monotone mapping A4 is said to be maximal if A has no monotone exten-
sion. Let f be a proper convex lower semi-continuous function of F into
(—o0, oo ]. Then we define the subdifferential of of f by

f(x)={x*eE* f(y)—f(x)=<x* y—x)forall ye E}

for all x € E. It is well known that Jf is a maximal monotone operator from
E into E*. Let A, called a gauge function, be a strictly increasing and con-
tinuous function from [0, oo} to [0, co) such that #(0) =0 and h(z) - o as
t —» 0. Then we denote by J, the duality mapping with gauge function A
defined by

Jux)={x*e E*: {x*, xp =|lx| - |x*[, |x*| =h(lx])}  for xeE.

J, is known to be the subdifferential of the mapping &(]|-||), where
(1) = {§ h(s) ds, t 2 0. Furthermore suppose that E* is uniformly convex.
Then J, is single valued and uniformly continuous on bounded subsets of
E. Therefore for a bounded subset D of F and & > 0, there exists 6 > 0 such
that

Npu—J,v| <e forallu, ve D: |Ju—rv| <4. (1.1)
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Then we define a positive number J,(¢) =sup{d>0: J satisfies (1.1)}.
Since é,(¢) = 0 as ¢ —» 0, we also define é,(0)=0.

Finally, let {y;} be a bounded sequence in E. For a mean p on N we
define f,(x) = | ®(||y;— x||) du(i) for all x € E, where the right term denotes
the value of u at the function y(i)=®&(||y,— x| ), ie N. Then, as in [4],
(1)f, is a lower semi-continuous convex function of E into [0, ©); (2)f,
has a unique minimum point y,eE (ie, f,(y,)=min{f,(x):xeE});
(3) <of(x), z> =j Ilyi—x), zy du(i) for all x,zeE; (4)f,(z) >« as
{z]l = oo. Similarly we define g(x)=1im sup, ||y, — x| for all xe E. Then we
say ye E is an asymptotic center of {y,} (with respect to E) when j is a
minimum point of g in E (ie., g(7})=min{g(x): xe £}). If E is uniformly
convex, then there exists a unique asymptotic center for each bounded
sequence in E (cf. [9]).

2. MAIN RESULTS

Throughout this section we assume that E is a real uniformly convex and
uniformly smooth Banach space. Let {y;} be a bounded sequence in E, u
a mean on N, and 4 a gauge function.

First we consider the following explicit iteration scheme (confer, for
example, [7]):

x,eE,

Xpp1 =Xy — }'n‘]l:k af;l(er)s h= 0’ 15 2’ ey

(2.1)

where 4, >0 and J* is the single valued duality mapping of E* into E with
gauge function k=4"".

THEOREM 1. Let D be a bounded subset of E. Assume that {x,} satisfies
(21), y,—x,€D for i,n=0,1,2, .., and

o - O p(10f,(x)/2) < N1x s — Xl S Op(10fulx)I/2), n=0,1,.. (22)

for some a>0. Then x, converges weakly to y, as n— oo, where y, is a
unique minimum point of f, defined under preliminaries.

Proof. Since f, is lower semi-continuous and convex,

f,u(xn+1)_fu(xn) < <af;,t('xn+1)’ Xn+1 —xn>
= _—;“n<af;z(xn+1)7 J:af;4(xn)>
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On the other hand, using (2.2),

HofuCedll - k(IS (x )1 — <O x4 1), JEOS X))
=K x,) = &f(x0). JE (X,
<kUf () - 10f () = 0f (x4 )]
<k(llof e - sup 1(p; = x,) =y = x, )l
<k, ()1 - 10f ) 1/2-

Therefore we obtain that
f,u(xn+ l) _fy(xn) < _ln ) k( ”afu(xn)“ ) : Héfu('xn)”/z (23)

for every n=0, 1,2, ... Thus {f,(x,)} is a non-increasing sequence of non-
negative numbers and converges to some ¢ > 0. Then, since 4, - k(|| 0f ,(x,)]) -

o)l < 20f () =il X 1)) Ay - k(10 L2 ) - 10 ,(x,)II converges to O
as n-— o0,
Now we prove df,(x,) = 0 as n — co by contradiction. Assume that there

exist M >0 and a subsequence {Xum} of {x,} such that [|6f,(x,.)I =M
for all m>=0. Then we have

n(m) (”afu( nimy) ” “af n(m) ” >M ||xn(m)+1 n(m)“
&M(X 5 ||0f n(m) H/z
2M-a-6,(M/2)>0.

Since A,y - K0S (X i) 1) - 10f (X)) | = 0 as m — oo, this is a contra-
diction.

Lastly we show that x, converges weakly to y, as n— co. Since {x,} is
bounded, taking the subsequence if necessary, we may assume that x, con-
verges weakly to w and df,(x,) — 0 as n — co. Then, since df, is a maximal
monotone operator from E into E*, we obtain 0 € df,(w). The uniqueness
of the minimum point of f, yields w = y,,. Therefore the conclusion follows.

Let T be a nonexpansive mapping of E into itself with fixed points. For
the remainder of this paper, we consider {y,} = {T'x} for a fixed x€ E.

Remark 1. For any x,eE, there does exist a bounded subset D of
E and a sequence {x,} satisfying the whole condition of Theorem 1
for {y;} ={T'x}. Indeed, we have f,(xq) <sup, ®(|Tx — xc|l) <
sup, (|| T'x — x| + | X — x0l) < <D(||x—f|| + | X —xoll)=r< oo, where x is
a fixed point of 7. Since f(z)—> o as |z|| >0, Dy=f,"(—o,r] is
bounded. Therefore there exists R>0 such that D, u {T’x} ocBR[O]
where Bz[0] denotes the closed ball with center 0 and radius R. Here
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let R’ =max{R, k(h(2R)/2)}, D = B,;,[0], and suppose that x,e D,.
Select 4,>0 so that X, 41—, =min{R’, 5 5(|0f,(x,)I/2)}. Then

X, € BZR [0}, Tx—x,,,eDfori=0,12,.., and (2.3) holds. Therefore,
we have f,(x ,,+1)<f L) <rand x,,,eD,. Since x,€D,, we obtain a
sequence {x,, o in D inductively. Finally we show the existence of « >0

which satisfies (2 2). Forevery n=0, 1, 2, ..., since 0€ D, 3 ,(116f,(x,)II/2) <
k(|0f (x N/2) < k(sup, h(| T'x — x,1)/2) < k(h(2R)/2) < R'. Therefore, (2.2)
holds for o« =1.

Let 7 be the asymptotic center of {T'x:i=0,1,2,..}. Then y is a fixed
point of T. Furthermore y=y, for every Banach limit u. Indeed, since
y. and j are fixed points of 7, we have limsup, ®(|T'x—y,l)=
FOUTx—y,ll) du(i) < [ & T'x — yll) dp(i) = lim sup; &(|| T'x — j||). Then,
by the strict increasingness of @ and the uniqueness of the asmptotic
center, we obtain y, = y. Using this fact, we consider iteration schemes for
finding the asymptoic center of {7'x}. Let

w=2Y 6. n=1,2., (24)

be Cesaro means on N, where 6, is a mean on N defined by ,(/f) f (i) for
all fe B(N). Then f,(z)= l/n) il ®(IT'x—z|) and 9f, (z)=(1/n)
Sl J(T'x —z) for all ze E. Fix ne N and let z, € E. Define z,,+1eE as
follows. From Theorem 1 and Remark 1, there exists a sequence {x, ,,}n_,
which satisfies

X00=2p» (2.5)
Xpma1= = A EO o (X m)s m=0,1,2, .., (2.6)
and
of,,. (X)) =0 as m— .
In particular, there exists M, > 0 such that
10 Xnm)l <1/(n+1)  forallm=M,. (2.7)
Then let
Zyi 1 =Xpm forsomem=>=M,,. (2.8)

This procedure yields a sequence {z,} inductively from a given initial
element z,€ E. We remark here that z,, n=1, 2, .., is obtained explicitly
from finite numbers of T"x by (2.6). On the convergence of such z,, we
obtain the following theorem.
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THEOREM 2. Let p,, n=1,2,.., be Cesaro means. Let {z,} be a
sequence in E such that

of . (z)I =0 as n— oo. (2.9)

If the duality mapping J, is weakly continuous, then z, converges weakly to
the asymptotic center y of {T'x} as n — oo.

Proof. First we show that {z,} is bounded. If {z,} is not bounded, then
there exists a subsequence {z,,,} of {z,} such that |z, =m. Since
F(T)+#¢, {T'x} is bounded, say |[T'x| <M for i=0, 1,2, ... Now let ¢ >0
arbitrarily. Then, by the uniform continuity of J, on bounded subsets of E,
we have

”']h(_Zn(m)/Hzn(m)”)_Jh((Tix—Zn(m))/”Zn(m)“)” <&

for i=0,1,2,.., when m is sufficiently large. Since J,(rx)= (h(|irx|)/
A(llx]))J,(x) for every r>0 and 0 # x € E, the above inequality implies

||6fu,,(m)(zn(m))” : ||Zn(m)l|

P <afu,,(,,,,(zn(m))’ _Zn(m)> =f <Jh(Tix—' Zn(m))’ _Zn(m)> d)un(m)(i)
?j Izl - (A1) =€) - AT X = Z,s oy )AL T X = Z s | 12 oy 1) @t (7).

Therefore we obtain

A1) —

||6f;4,,(m n(m))”/h(1+ )

h( ”Zn(m)“ - M)

for sufficiently large m. Since | z,,, |l = m, this contradicts (2.9).

So taking the subnet if necessary, we may assume that z, converges
weakly to some w e E. Then we must only prove that w = j . Again taking
the subnet in B(N)*, we may assume that u,,, converges to a Banach limit
p on N in the weak* topology of B(N)*. Then clearly we have that z,,,
converges weakly to o and that [|f,  (z..))ll converges to 0. Fix 0#yeE
and define gJ(i)= (J(T'x —z,4), y) and g*(i)=<J(T'x—w), y) for
i=0,1,2,... Then, since J, is uniformly weakly continuous on bounded
subsets of E, g (i) converges to g”(i) uniformly in i as o takes infinity.
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Therefore, taking « sufficiently large for any fixed £>0, we may assume
that

[u(g") = Uy (87) <,
sup, | g;()) —g" (Il <e,

and
10 sy Zna)) I <&/l ¥l

Then we have

I'u(g)‘)| < |'u(gl’) —.un(ot)(gy” + |ﬂn(1)(gy) _un(a)(g;” + |”n(a()(g;y)|
Se+ il -sup [g7(0) — g5(0)|

+ “ <Jh(Tix - Zn(a))’ Yo d#n(z)(i)

<28+ |<6fu,,(a)(zn(1))’ y>|

< 3e.

Since ¢ is arbitrary, we obtain u(g’)=0 for each 0#yeE. That is,
{&f (), y> =0 for each ye E. Therefore w e df, '(0). Since u is a Banach
limit, 87, '(0)= {7}, and the proof is completed.

Remark 2. The above theorem is proved for general sequences, that
satisfy (2.9), independent of special constructions of them.
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